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1. Introduction
Let A be an abelian variety of dimension d defined over a number field k of finite
degree. By the theorem of Mordell and Weil, the group of k-rational points A(k) is finitely
generated. In particular, its torsion part A(k)tor is a finite group. The strong torsion conjec-
ture predicts that the order of A(k)tor has an upper bound depending only on d and [k : Q].
(For the strong torsion conjecture and related topics, we refer the reader a nice survey ar-
ticle by Silverberg [23].) Since Mazur [8] has proved the conjecture for elliptic curves
over Q, many mathematicians have attempted to extend Mazur’s results to more general
cases, and Merel [9] succeeded in proving the strong torsion conjecture for elliptic curves
over arbitrary number fields. However, the conjecture remains open for higher dimensional
abelian varieties.
In this paper we will be concerned with the torsion part of a special class of abelian
varieties called CM abelian varieties. To be more precise, let End(A) denote the ring of
endomorphisms (defined over the algebraic closure of k) of A. We say that A has complex
multiplication by K if there is an injective homomorphism
θ : K → End(A) ⊗ Q ,
where K is a CM-field of degree 2d . In this paper we will call such an abelian variety a
CM abelian variety for short. More generally A is said to be of CM-type if End(A) ⊗ Q
contains a commutative algebra of dimension 2 dimA, or equivalently, A is isogenous to a
product of some CM abelian varieties.
In [20, 21] Silverberg proved that if A is an abelian variety of CM-type defined over
a number field k, then the order of A(k)tor is bounded above by a constant depending only
on dimA and [k : Q]. More precisely she proved, among others, the following
THEOREM 1.1 (Silverberg). Let A be an abelian variety of CM-type of dimension
d defined over a number field k, and suppose that A contains a k-rational point of order N .
Then
ϕ(N) ≤ 2(d−1)ν(N)+2d+δ(N)3dd![k : Q] ,
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where ϕ is Euler’s function, ν(N) is the number of prime divisors of N , and δ(N) = 1 or 0
according as 8 divides N or not. Moreover, if A is absolutely simple, then
ϕ(N) ≤ 2(d−1)ν(N)+d+δ(N)μ[k : Q] ,
where μ denotes the number of roots of unity in θ−1(End(A) ∩ θ(K)).
For CM elliptic curves over Q, Olson [10] completely determined the possible orders
of Q-rational torsion points. As is well known, if an elliptic curve E over Q admits complex
multiplication by an imaginary quadratic field K with discriminant D, then
D ∈ {−3,−4,−7,−8,−11,−19,−43,−67,−163} .
The following theorem is a corollary of Olson’s theorem.
THEOREM 1.2 (Olson). Let E be an elliptic curve over Q with complex multiplica-
tion by an imaginary quadratic field K = Q(√D). If E(Q) contains a point of order N ,
then
N =
⎧
⎪⎪⎨
⎪⎪⎩
1, 2, 4 if D = −4 ,
1, 2, 3, 6 if D = −3 ,
2 if D = −8,−7 ,
1 if D = −11,−19,−43,−67,−163 .
In particular, N is a divisor of the number of roots of unity in K .
In order to state our main results, we need some notation. For any subfield M of K
we define kM to be the smallest field containing k over which every element of θ(M) is
defined. Let F be the maximal real subfield of K , so that [K : F ] = 2. Throughout this
paper, we will assume that the following condition holds:
CONDITION 1.3. kF = kK .
It should be remarked that Condition 1.3 is satisfied if k has at least one real em-
bedding. Indeed, if k has a real embedding, then one can prove that kF also has a real
embedding while kK is totally imaginary since kK contains a CM-field K∗ (see Section 2),
hence kK = kF . Note also that Condition 1.3 is equivalent to the equality [kK : kF ] = 2.
For any field L, we denote by w(L) the number of roots of unity in L. If L contains
k, then for any positive integer n we denote by A(L)[n] the group of torsion points in A(L)
killed by n. We will simply write A[n] for A(k)[n], where k denotes the algebraic closure
of k.
THEOREM 1.4 (cf. Theorem 6.2). Let A be a CM abelian variety of dimension d
defined over a number field k. Assume that kK = kF and put n = w(kK). Then the
following assertions hold:
(i) A(kK)tor is isomorphic to a subgroup of (Z/nZ)2d .
(ii) The order of A(kF )tor is a divisor of nd , and A(kF )tor is isomorphic to a sub-
group of (Z/nZ)d⊕(Z/2eZ)d , where e = 0 if ord2n = 1, and e = min{d, ord2n}
if ord2n > 1.
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The first assertion of Theorem 1.4 was proved in our previous paper [1]. We will
repeat the proof in Section 3 correcting some typographic errors. Actually we will prove a
refinement of Theorem 1.4 (Theorem 6.2).
If A is absolutely simple, then θ(K) coincides with End(A)⊗Q . Moreover if K is an
abelian field, then kK = kK and kF = kF (see [15]). Thus from Theorem 1.4 we obtain
the following
COROLLARY 1.5. Let A be an absolutely simple CM abelian variety of dimension
d defined over k such that K = End(A) ⊗ Q is an abelian CM field. Assume that k has a
real embedding, and put n = w(kK). Then the following assertions hold:
(i) A(kK)tor is isomorphic to a subgroup of (Z/nZ)2d .
(ii) The order of A(kF)tor is a divisor of nd , and A(kF)tor is isomorphic to a
subgroup of (Z/nZ)d ⊕ (Z/2eZ)d , where e = 0 if ord2n = 1, and e =
min{d, ord2n} if ord2n > 1.
As for the bounds of Silverberg’s type, the following theorem gives a better bound for
ϕ(N) under Condition 1.3.
THEOREM 1.6. Notation and assumption being as in Theorem 1.4, the following
assertions hold.
(i) ϕ(N) ≤ 2d![k : Q].
(ii) If A is absolutely simple, then ϕ(N) ≤ 2d [k : Q].
(iii) If A is absolutely simple and K is an abelian field, then ϕ(N) is a divisor of
2d[k : Q].
Now, let  be an odd prime dividing w(kK). Then for M = K or F Theorem 1.4
shows that the following inequality holds:
dimFA(kM)[] ≤ [M : Q](1)
holds for M = K and F . However, as Example 8.1 shows, if M = K,F , one can not
expect this inequality to hold unconditionally. In Section 8 we will prove a modified in-
equality under certain conditions on the endomorphism ring of A. As a special case we can
prove the following theorem.
THEOREM 1.7 (cf. Theorem 8.2). Let A be an absolutely simple CM abelian va-
riety such that End(A) is isomorphic to the integer ring of K . Let  be a prime number
dividing w(kK). If any prime ideal of M lying above  is at most tamely ramified in K/M ,
then
dimFA(kM)[l] ≤ [M : Q] .
This paper is organized as follows. In Section 2 we will briefly recall complex mul-
tiplication theory due to Shimura and Taniyama, and in Section 3 we will prove the first
statement of Theorem 1.4. The second statement of the theorem and Theorem 1.6 will be
proved in Section 6 after preparing some algebraic lemmas and propositions in Section 4
and 5. In Section 7 we will present examples of CM abelian varieties almost attaining our
bound in Theorem 1.4. Section 8 will be devoted to the study of the torsion points rational
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over smaller fields, and we will prove Theorem 1.7 in a more general setting. An applica-
tion to the jacobian varieties of Fermat type will be also given. In the final section, we will
consider an application to CM elliptic curves.
2. Complex multiplication theory
In this section we review the main theorem of complex multiplication theory due to
Shimura and Taniyama. For more details, see [14], [15], [17], or [18].
Let A be an abelian variety of dimension d defined over a subfield k of the complex
number field C. (We assume that the fields appearing in this section are all viewed as
subfields of C.) Let End(A) denote the endomorphism ring of A defined over the algebraic
closure of k. We call A a CM abelian variety if there exists a CM-field K with [K : Q] = 2d
and an injective homomorphism of Q-algebra
θ : K → End(A) ⊗ Q .
This map induces a representation Φ of K on the Lie algebra of A. With respect to a
suitably chosen basis, for any a ∈ K the endomorphism Φ(a) of Lie(A) can be repre-
sented by the diagonal matrix with the diagonal entries aϕ1, . . . , aϕd with some embed-
dings ϕ1, . . . , ϕd of K into C. We will henceforth identify Φ with {ϕ1, . . . , ϕd}. We say
that (A, θ) is of type (K,Φ) and that (K,Φ) is the CM-type of (A, θ).
Now, consider a data (K,Φ, a, U ; v1, . . . , vs ), where
a = a lattice of KR := K ⊗ R ,
U= a Q-valued alternating form on K , and
vj= elements of K/a (j = 1, . . . , s) .
We say that (A, θ) is of type (K,Φ) if there is a commutative diagram with exact rows:
0 −→ a −→ KR −→ KR/a −→ 0⏐
⏐

⏐
⏐
u
⏐
⏐

0 −→ Λ −→ Cd ξ−→ A −→ 0 ,
where Λ is a lattice in Cd , ξ defines an biregular isomorphism of complex torus Cd/Λ onto
A, u is an R-linear isomorphism of KR onto Cd inducing an isomorphism from a onto Λ,
and if the following two conditions are satisfied:
(i) θ(a) ◦ ξ = ξ ◦ Φ(a) for every a ∈ K ,
(ii) u(ax) = Φ(a)u(x) for every a ∈ K and x ∈ KR.
Let C a polarization on A, and ι the Rosati involution of End(A)⊗Q induced from C.
Suppose C is admissible for (A, θ). This means that θ(a)ι = θ(aρ) for all a ∈ K , where
aρ stands for the complex conjugate of a. Let E be a Rieman form on A induced by the
polarizationC. Let t1, . . . , ts be points of finite order on A. We say that (A,C, θ; t1, . . . , ts )
is of type (K,Φ, a, U ; v1, . . . , vs) if, in addition to (i) and (ii), the following conditions are
also satisfied:
(iii) U(x, y) = E(u(x), u(y)) for every x, y ∈ K .
(iv) ξ(u(vj )) = tj for j = 1, . . . , s.
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Let L be a Galois extension of Q containing K , and G = Gal(L/Q) the Galois group
of L/Q. We denote by H1 the subgroup of G corresponding K . Let S be the set of all the
elements of G inducing some element of Φ. Put
H = {σ ∈ G | σS = S} .
Then H ⊂ H1 and the equality H = H1 holds if and only if A is absolutely simple ([17],
§8.2, Proposition 26). Let S∗ = {σ−1 | σ ∈ S} and put
H ∗ = {σ ∈ G | σS∗ = S∗} .
Let K∗ be the subfield of L corresponding to H ∗ and Φ∗ the set of all the isomorphisms
of K∗ into C. Then (K∗,Φ∗) is a CM-type. It is known that (K∗,Φ∗) depends only on
(K,Φ) and independent of the choice of L. We call (K∗,Φ∗) the reflex of (K,Φ). Define
a homomorphism detΦ∗ : K∗× → K× by
detΦ∗(a) =
∏
ϕ∈Φ∗
aϕ .
Let K×
A
and (K∗
A
)× be the idéle group of K and K∗, respectively. We can extend detΦ∗ to
a map
η : (K∗
A
)× → K×
A
in an obvious way. For c ∈ (K∗
A
)×, we write N((c)) for the absolute norm of the ideal (c)
of K∗ associated to c.
THEOREM 2.1. Notation and assumption being as above. Suppose (A,C, θ,
t1, . . . , ts ) is of type (K,Φ, a, U, v1, . . . , vs ). Let T be the set of all elements c of (K∗A)×
such that
qqρN((c)) = 1 , qη(c)a = a , (qη(c) − 1)vj ∈ a (j = 1, . . . , s)
for some q ∈ K×. Then the field of moduli of (A,C, θ, t1, . . . , ts ) is the abelian extension
of K∗ corresponding under class field theory to the subgroup T of (K∗
A
)×.
Proof. See [17, Corollary 18.9]. 
3. Proof of Theorem 1.4, (i)
We begin with proving the following lemma.
LEMMA 3.1. Let (A, θ) be as above. Suppose Condition 1.3 holds. Let τ be the
non-trivial elelment of Gal(kK/kF ) and ρ the complex conjugation. Then
θ(a)τ = θ(aρ)
for all a ∈ K .
Proof. Let Z be the center of the Q-algebra End(A) ⊗ Q. By assumption, we have
θ(a)τ = θ(a) for all a ∈ F . Since Z is the center of End(A) ⊗ Q, θ(Z) is stable by τ .
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Since FZ = K , this implies that θ(K) is also stable by τ . Therefore there exists an element
σ ∈ Gal(K/F) such that
θ(a)τ = θ(aσ )
for all a ∈ K . Since θ(K) is not defined over k, we have σ = 1, so σ = ρ. 
Now, we can prove the first statement of Theorem 1.4.
Proof of Theorem 1.4, (i). It suffices to show the theorem assuming kF = k. Then
kK = kK∗ (see [17, Proposition 20.3]). Suppose P ∈ A(k) contains a torsion point P of
order N . We want to show that N is a divisor of n. It is known that there is an admissible
polarization C for (A, θ) which is rational over k (see [17, Proposition 20.17]). Let
O = θ−1(End(A) ∩ θ(K)) .
Then O is an order of K . Consider the O-ideal
ω = {a ∈ O | θ(a)P = O} ,
where O denotes the identity element of A. Then
ω ∩ Z = NZ .(2)
We claim that ωρ = ω. Since P is k-rational, for any a ∈ ω we have
θ(aρ)P = θ(a)τP = (θ(a)P )τ = O .
This shows that aρ ∈ ω. Hence ωρ = ω.
Let p be a prime number. For any Z-module X, let Xp = X ⊗Z Zp. Let T be a
subgroup of (K∗)×
A
consisting elements c such that
(i) qη(c)a = a (∀a ∈ ω),
(ii) qqρN(c) = 1, and
(iii) qη(c)p − 1 ∈ ωp for all prime numbers p
for some q ∈ K×, where η(c)p ∈ Kp = K ⊗q Qp denotes the p-component of η(c). Let
M be the field of moduli of (A, θ, C;P). Then by Theorem 2.1 M is the abelian extension
of K∗ corresponding under class field theory to T . Condition (i) shows that
qη(c)p ∈ O×p ,(3)
and condition (iii) shows that
qη(c)p ∈ 1 + ωp .(4)
Since ωρ = ω, this implies that
qρη(c)ρp ∈ 1 + ωp .(5)
Therefore, from (3), (4) and (5), we find that
qqρNK∗/Q(c)p ∈ (1 + ωp) ∩ Z×p = (1 + NZp)×
for any p < ∞. Moreover it is clear that
qqρNK∗/Q(c)∞ > 0 .
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Since qqρ ∈ Q× by condition (ii), we conclude that
NK∗/Q(T ) ⊂ Q×
(
∏
p<∞
(1 + NZp)× × R>0
)
.(6)
The group in the right hand side of (6) is the subgroup of Q×
A
corresponding to Q(ζN).
Therefore class field theory shows that M contains Q(ζN). Since kK ⊃ M , this shows that
kK ⊃ Q(ζN), or equivalently, N divides w(kK). 
Proof of Theorem 1.6. Under Condition 1.3, we have kK = kFK∗. Hence
[kK : Q] = [kK : kF ][kF : Q] = 2[kF : Q] .
If F˜ denotes the Galois closure of F , then one can show that kF ⊂ kF˜ . This implies that
[F˜ : Q] ≤ d!. Therefore
[kF : Q] ≤ [kF˜ : Q] ≤ [F˜ : Q][k : Q] ≤ d![k : Q] .
It follows that [kK : Q] ≤ 2d![k : Q], which proves (i).
By [15, Proposition 1.9] we know that [K∗ : Q] ≤ 2d . If A is absolutely simple, then
kK = kK∗ ([17, Chap. II, Proposition 30]). Therefore
[kK : Q] = [kK∗ : Q] ≤ 2d [k : Q] ,
which proves (ii).
If A is absolutely simple and K is abel over Q, then one can easily show that K∗ = K .
Therefore [kK : Q] = [kK : Q] is a divisor of [K : Q][k : Q] = 2d[k : Q], proving (iii).
This completes the proof. 
We can generalize Theorem 1.4 to abelian varieties of CM type. Let A be an abelian
variety of CM type defined over a number field k. Suppose that A is isogenous to a product
of CM abelian varieties A1, . . . , Ar defined over k:
A ∼ A1 × · · · × Ar .
Let θi : Ki → End(Ai) be an injective homomorphism, where Ki is a CM field of degree
2 dimAi . Put K := K1 × · · · × Kr and define an injective homomorphism
θ : K → End(A)
by θ((a1, . . . , ar )) = (θ1(a1), . . . , θr(ar)). For any subalgebra X of K , we denote by kX
the smallest field extension of k over which every element of θ(X) is defined. Let Fi be the
maximal real field contained in Ki and put F = F1 × · · · × Fr .
THEOREM 3.2. Notation being as above, assume that kKi kF = kF for all i =
1, . . . , r . Let d = dim A and n = w(kK). Then A(kK)tor is isomorphic to a subgroup of
(Z/nZ)2d . In particular, if k has a real embedding, then A(kK)tor ⊂ A[n].
One can prove Theorem 3.2 in a quite similar way as above with an obvious modifi-
cation.
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4. Algebraic preliminaries
Let  be a prime number and T a free Z-module of rank m and V = T ⊗ Q. Then
V is an m-dimensional vector space over Q. Let ϕ : V → V be a Q-linear map such that
ϕ(T ) ⊂ T . Then ϕ induces a Z-linear map ϕ : V/T → V/T . Let
N(ϕ) = Ker(I − ϕ : V/T → V/T ) .
The characteristic polynomial fϕ(t) = det(tI − ϕ) of ϕ belongs to Z[t]. Note that N(ϕ)
is finite if and only if fϕ(1) = 0. Moreover, if fϕ(1) = 0, then ordN(ϕ) = ord(fϕ(1)).
For any non-zero polynomial f (t) ∈ Z[t] and for any positive integer ν, we define
ord(f (t); ν) to be the order of f (t) (mod ν) at t = 1. In other words,
ord(f (t); ν) = max{i ≥ 0 | f (t) ∈ (ν, (t − 1)i)} ,
where (ν, (t − 1)i) denotes the ideal of Z[t] generated by ν and (t − 1)i .
If G is a finite abelian group, we denote by G[n] the set of elements of G killed by
n. For a prime number , we define the ν-rank of G, denoted by rankν (G), to be the
dimension of F-vector space G[ν]/G[ν+1]. Thus, if we put rν = rankν (G), then
G ∼=
⊕
ν≥1
(Z/νZ)rν−rν+1 .
LEMMA 4.1. Suppose fϕ(1) = 0. Then for any ν ≥ 1, we have
rankν (N(ϕ)) ≤ ord(fϕ(t); ν) .
Proof. Let
C(ϕ) = Coker(I − ϕ : T → T ) .
Since fϕ(1) = 0, both N(ϕ) and C(ϕ) are finite group. Moreover we have an isomorphism
N(ϕ) ∼= C(ϕ) .
To see this, consider the commutative diagram
0 −−−−→ T −−−−→ V −−−−→ V/T −−−−→ 0
⏐
⏐
1−ϕ
⏐
⏐
1−ϕ
⏐
⏐
1−ϕ
0 −−−−→ T −−−−→ V −−−−→ V/T −−−−→ 0 .
The second vertical map is an isomorphism since fϕ(1) = 0. Therefore, applying the snake
lemma, we obtain the desired isomorphism N(ϕ) ∼= C(ϕ).
Now, let a1 ≥ a2 ≥ · · · ≥ am ≥ 0 be non-negative integers such that
C(ϕ) ∼= Z/a1Z ⊕ · · · ⊕ Z/amZ .
Let A be a matrix representation of ϕ. Then by elementary divisor theorem there exist two
matrices P,Q ∈ GLm(Z) such that
P(I − A)Q = D := diag(a1, . . . , am)
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is the diagonal matrix with diagonal entries a1, . . . , am . If we put PQ = R, then
P(tI − A)Q = (t − 1)R + D .
Put r = rankν (N(ϕ)). Then ar ≥ ν > ar+1, and so
D ≡ diag(0, . . . , 0, ar+1, . . . , am) (mod ν) .
It is then easy to see from this congruence that fϕ(t) = det((t − 1)R + D) belongs to the
ideal (ν, (t − 1)r). This implies that the inequality
ord(fϕ(t); ν) ≥ r
holds, as claimed. 
PROPOSITION 4.2. Let ϕ ∈ End(T ) be a Z-linear map such that νN(ϕ) = 0.
Suppose that m = 2d is even and the characteristic polynomial of ϕ is given by fϕ(t) =
(t2 +a)d with some a ∈ Z \{−1} such that ord(a+1) = ν. Then the following assertions
hold:
(i) If  > 2, then N(ϕ) ∼= (Z/νZ)d .
(ii) If  = 2, then |N(ϕ)| = 2νd and N(ϕ) is isomorphic to a subgroup of (Z/2νZ)d⊕
(Z/2eZ)d , where e = 0 if either ν = 1, and e = min{d, ν} if ν > 1.
Proof. First, suppose  > 2. Since the order of N(ϕ) equals νd = |(Z/νZ)d | it
suffices to show that rank(N(ϕ)) ≤ d . But, in view of Lemma 4.1, this clearly follows
from the relation
(t2 + a)d ≡ (t − 1)d{2 + (t − 1)}d ≡ 2d(t − 1)d (mod (ν, (t − 1)d+1)) .(7)
Next consider the case  = 2. Then
a ≡ −1 + 2ν (mod 2ν+1) .
If ν = 1, then a ≡ 1 (mod4), so
ord(t2 + a; 4) = 0 .
It follows from Lemma 4.1 that rank4(N(ϕ)) = 0. Hence N(ϕ) ⊂ (Z/2Z)2d . Since the
order of N(ϕ) is 2d , this implies that N(ϕ) ∼= (Z/2Z)d . If ν > 1, then (7) shows that
ord((t2 + a)d; 2d+1) = d . Since N(ϕ) is killed by 2ν by assumption, this shows that
N(ϕ) ⊂ (Z/2νZ)d ⊕ (Z/2eZ)d with e = min{d, ν}. This completes the proof. 
5. Key lemmas
In this section we prove two lemmas which will play an important role in the proof of
Theorem 1.4.
LEMMA 5.1. Let  be an odd prime. Let k1/k be a quadratic extension of number
fields and let n = ordw(k1). Then there exist infinitely many prime ideals p of k which
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inert in k1/k and enjoy the following property:
ord(Np + 1) =
{
0 if k ⊃ Q(ζ) ,
n if k ⊃ Q(ζ) .
Proof. First suppose that either n = 0 or k ⊃ Q(ζ). Then the restriction map
Gal(k1/k) → Gal(Q(ζ)/Q)
is trivial. Let p be a prime ideal of k unramified in k1/k such that p |. Then
(
Q(ζ)/Q
Np
)
=
(
k1/k
p
) ∣
∣
∣
∣
Q(ζ)
= 1 .
This implies that Np ≡ 1 (mod ), so Np + 1 ≡ 0 (mod ).
Next suppose that n > 0 and k ⊃ Q(ζ). Then k1 = k(ζn), and hence
[Q(ζn) : k ∩ Q(ζn)] = [k1 : k] = 2 .
This implies that k ∩ Q(ζn) = Q(ζn)+, where Q(ζn)+ denotes the maximal real subfield
of Q(ζn). Let k2 = k(ζn+1).
Then the restriction map
Gal(k2/k) → Gal(Q(ζn+1)/Q)(8)
is injective and the image is Gal(Q(ζn+1)/Q(ζn)+). Hence k2/k is a cyclic extension
of degree 2. Let σ be a generator of Gal(k2/k). By the injectivity of (8) we see that the
order of σ |Q(ζ
n+1 ) is 2. By Chebotarev’s density theorem there exist infinitely many prime
ideals p of k such that
(
k2/k
p
)
= σ . Then the relation
σ |Q(ζ
n+1 ) =
(
k2/k
p
) ∣
∣
∣
∣
Q(ζ
n+1 )
=
(
Q(ζn+1)/Q
Np
)
,
shows that the order of Np in (Z/n+1Z)× is 2. It follows that
Np ≡ −1 + na (mod n+1)
for some integer a prime to . Therefore ord(Np + 1) = n. This proves the lemma. 
Let Ln = Q(ζ2n). We fix the isomorphism Gal(Ln/Q) ∼= (Z/2nZ)× which associates
t ∈ (Z/2nZ)× with σt : ζ2n → ζ t2n . If n ≥ 3, then (Z/2nZ)× contains three cyclic
subgroups of order two, namely 〈−1〉, 〈2n−1 − 1〉 and 〈2n−1 + 1〉. The fixed fields of these
subgroups are
⎧
⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎩
Mn−1 = Q(ζ2n + ζ−12n ) = Q
(
cos
π
2n−1
)
,
Nn−1 = Q(ζ2n − ζ−12n ) = Q
(
i sin
π
2n−1
)
and
Ln−1 = Q
(
ζ2n−1
)
,
respectively.
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LEMMA 5.2. Let k1/k be as above and n = ord2(w(k1)). Then there exist infinitely
many prime ideals p of k which inert in k1/k and enjoy the following property:
ord2(Np + 1) =
⎧
⎪⎨
⎪⎩
1 if either n = 1 or k ⊃ L2 ,
n if n ≥ 2 and k ∩ Ln = Mn−1 ,
n − 1 if n ≥ 3 and k ∩ Ln = Nn−1 .
Proof. Let τ be the generator of Gal(k1/k). If either n = 1 or k ⊃ L2, then the
restriction map
Gal(k1/k) → Gal(L2/Q)
is trivial. By Chebotarev’s density theorem there exist infinitely many prime ideal p of k
such that
(
k1/k
p
)
= τ . Hence
(
L2/Q
Np
)
=
(
k1/k
p
) ∣
∣
∣
∣
L2
= 1 .
This implies that Np ≡ 1 (mod 4). Therefore ord2(Np + 1) = 1.
Now, suppose n > 1 and k ⊃ L2. This, in particular, implies that k ⊃ Ln. Since
k1 ⊃ Ln, this means that k ∩ Ln is a subfield of Ln with [Ln : k ∩ Ln] = 2. If n = 2, then
k ∩ L2 = Q(= M1). If n ≥ 3, then k ∩ Ln = Mn−1 or Nn−1 since we are assuming that
k ⊃ L2.
First consider the case k ∩ Ln = Mn−1 (n ≥ 2). Let k2 = k(ζ2n+1). Then k2 = k1Mn
and k1 ∩ kMn = k. Therefore Gal(k2/kMn) ∼= Gal(k1/k), and consequently we obtain a
direct product decomposition:
Gal(k2/k) = Gal(k2/k1) × Gal(k2/kMn) .
Let σ (resp. τ ) be the generator of Gal(k2/k1) (resp. Gal(k2/kMn)). Then there exist
infinitely many prime ideals p of k such that
(
k2/k
p
)
= στ .
Since the restriction map
Gal(k2/k) → Gal(Ln+1/Nn−1)
is an isomorphism sending σ (resp. τ ) to σ2n+1 (resp. σ−1), we have
(
Ln+1/Q
Np
)
=
(
k2/k
p
) ∣
∣
∣
∣
Ln+1
= στ |Ln+1 = σ2n+1σ−1 = σ2n−1 .
This implies that Np ≡ 2n − 1 (mod 2n+1). Therefore ord2(Np + 1) = n.
Next suppose k ∩ Ln = Nn−1 (n ≥ 3). In this case the restriction map
Gal(k1/k) → Gal(Ln/Nn−1)
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is an isomorphism. Let p be a prime ideal of k such that
(
k1/k
p
)
= τ . Then
(
Ln/Q
Np
)
=
(
k1/k
p
) ∣
∣
∣
∣
Ln
= σ2n−1−1 ,
hence Np ≡ 2n−1 − 1 (mod 2n). Therefore ord2(Np + 1) = n − 1. The proof is now
complete. 
6. The main theorem in a refined form
For any positive integer n, we denote by ζn a primitive n-th root of unity in C. Let
 be a prime number. For a field L, we denote by w(F ) the number of roots of unity in
L whose order is a power of . Let k1 be a quadratic extension of k. We define a positive
integer m(k1/k) as follows: If  ≥ 3, then we put
m(k1/k) =
{
1 if k ⊃ Q(ζ) ,
w(k1) if k ⊃ Q(ζ) .
In order to define m2(k1/k), let n = ord2(w(k1)). If n ≥ 2, then k ∩ Q(ζ2n) is a subfield of
Q(ζ2n) of index 2. Therefore, if n ≥ 3, then there are three possible cases:
k ∩ Q(ζ2n) = Q
(
cos
π
2n−1
)
, Q
(
i sin
π
2n−1
)
or Q(ζ2n−1) .
We define m2(k1/k) according these three cases as follows:
m2(k1/k) =
⎧
⎪⎪⎪⎨
⎪⎪⎪⎩
2 if either n = 1 or k ⊃ Q(i) ,
2n if n ≥ 2 and k ∩ Q(ζ2n) = Q
(
cos
π
2n−1
)
,
2n−1 if n ≥ 3 and k ∩ Q(ζ2n) = Q
(
i sin
π
2n−1
)
.
Furthermore, we define a positive integer m = m(k1/k) to be the product
m(k1/k) =
∏

m(k1/k) ,
where  runs over the prime numbers. It is clear from the definition that m(k1/k) is a
divisor of w(k1). Moreover, if k has at least one real place, then m(k1/k) = w(k1).
REMARK 6.1. For an odd prime , if ml(k1/k) > 1, then k1 = k(ζl). For l = 2, if
m2(k1/k) > 2, then k1 = k(i).
Now our main theorem in a refined form can be stated as follows.
THEOREM 6.2. Let A be a CM abelian variety of dimension d defined over a num-
ber field k. Assume that kK = kF . Let m = m(kK/kF ) and n = w(kK). Then the following
assertions hold:
(i) The order of A(kK)tor is a divisor of m2d and A(kK)tor is isomorphic to a sub-
group of (Z/nZ)2d .
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(ii) The order of A(kF )tor is a divisor of md and A(kF )tor is isomorphic to a sub-
group of (Z/nZ)d⊕(Z/2eZ)e, where e = 0 if ord2n = 1, and e = min{d, ord2n}
if ord2n > 1.
Let  be a prime number and T(A) = lim← An the Tate module. Let
ϕ : Gal(k/k) → Aut(T(A))
be the -adic representation. If A has good reduction at a prime ideal p of k, then ϕ is
unramified at p. Let Frobp be the Frobenius element at p and let
fp(t) = det[tI − ϕ(Frobp); T(A)]
be the characteristic polynomial of ϕ(Frobp). Then fp(t) is a polynomial in Z[t] of
degree 2d .
LEMMA 6.3. Let the notation and assumption be as above. Let p be a prime ideal
of k which inerts in k1/k, and p1 the unique prime ideal of k1 lying above p. Then fp(t) =
(t2 + Np)d and fp1(t) = (t + Np)2d .
Proof. See [17, Theorem 20.15]. 
We are now in a position to prove Theorem 6.2.
Proof of Theorem 6.2. Let  be a prime number. By Lemma 5.1 and Lemma 5.2,
there exists a prime ideal p of k satisfying the following conditions:
(1) A has good reduction at p and p does not divide .
(2) p inerts in k1.
(3) ord(Np + 1) = ord(m(k1/k)).
Let A˜ be the reduction of A modulo p. By (1), the reduction map induces an injection
A(k)∞ ↪→ A˜(Fp) ,
where Fp denotes the residue field of p. By Lemma 6.3, we have fp(t) = (t2 + Np)d .
Since A(k)∞ ↪→ A˜(Fp) = N(I − Frobp), the kernel of the endomorphism I − Frobp on
Tl(A˜) ⊗ Ql/Zl . Therefore Theorem 6.2 follows from Theorem 1.4 (i), Proposition 4.2 and
condition (3) above. 
REMARK 6.4. Let A be a CM abelian variety of dimension d defined over a number
field k. Note that under Condition 1.3 Theorem 6.2 shows that the existence of a k-rational
torsion forces a restriction of the field k.
(i) If  is an odd prime and A(k) contains a point of order , then kK = kF (ζ).
Moreover, if -rank(A(k)tor) > d , then k ⊃ K∗(ζ).
(ii) If either A(k) contains a point of order 4 or 2-rank(A(k)tor) > d , then kK =
kF (i).
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7. Examples of CM abelian varieties almost attaining our bound
In this section we discuss how the bounds obtained in Theorem 1.4 are close to the
best possible one. Let K be a CM-field of degree 2d and OK the ring of integers of K . Let
A be a d-dimensional CM abelian variety over k such that
OK = θ−1(EndA ∩ θ(K)) .
We assume that k has a real embedding so that kK = kF . If N is a positive integer, then
kN := k(AN) is a subfield of the ray class field RN of k mod N . Moreover, if N ≥ 3, then
θ(K) is rational over kN ([23, Theorem 2.4]), hence kN ⊃ kK . Put k+N = kN ∩ R. Then
[kN : k+N ] = 2.
The following theorem shows that our bounds are almost best possible for A/kN if N
is prime to 2[k : Q].
THEOREM 7.1. Let the notation and assumptions be as above. Let N be a positive
integer prime to 2[k : Q]. Then w(kN) = 2N and we have
A(kN)tor ∼= (Z/NZ)2d ⊕ (Z/2Z)s ,
A(k+N)tor ∼= (Z/NZ)d ⊕ (Z/2Z)t
for some integers s, t with 0 ≤ s, t ≤ 2d .
To prove Theorem 7.1 we need a lemma.
LEMMA 7.2. Let k be an algebraic number field of finite degree and N a positive
integer prime to w(k)[k : Q]. Let RN be the ray class field of k mod N . Then w(RN) =
Nw(k).
Proof. Since RN contains the N-th cyclotomic field Q(ζN), we find that w(RN)/N
is an integer. We will prove the lemma by showing that ordp(w(RN)/N) = ordpw(k) for
any prime number. For this let n a positive integer. Suppose RN contains a primitive pn-th
root of unity. First, if p does not divide N , then RN/k is unramified at any prime of k lying
above p. Hence wp(RN) = wp(k). Next, for any prime p dividing N , let t = ordpN .
Then t ≤ n since N divides w(RN). On the other hand, local class field theory shows that
for any prime ideal p of k lying above p, we have
Nkp/Qp
(
1 + ptOp
) ⊂ 1 + pnZp .
Since
Nkp/Qp (1 + pt ) = (1 + pt )[kp:Qp] ≡ 1 + [kp : Qp]pt (mod pt+1)
and [kp : Qp] divides [k : Q], we have t ≥ n. Consequently we get the equality t = n. It
follows that w(RN) = Nw(k). 
Proof of Theorem 7.1. First, we note that w(kN) = 2N . Indeed, it follows from the
definition of kN that A(kN) ⊃ A[N], hence kN contains the N-th roots of unity. Therefore
w(kN) is divisible by 2N . Conversely, w(kN) divides 2N . By complex multiplication
theory, the ray class field RN of k mod N contains kN , hence w(kN) divides w(RN). By
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Lemma 7.2 w(RN) = 2N , hence w(kN) divides 2N . Consequently the equality w(kN) =
2N holds.
Now, Theorem 1.4 implies that
A(kN)tor ⊂ (Z/w(kN)Z)2d ∼= (Z/NZ)2d ⊕ (Z/2Z)2d .
Therefore we have an isomorphism
A(kN)tor ∼= (Z/NZ)2d ⊕ GN
for some subgroup GN of (Z/2Z)2d . This proves the first statement.
To prove the second statement, we note that Theorem 1.4 implies that
A(k+N)tor ↪→ (Z/w(kN)Z)d ⊕ (Z/2Z)d .
Let A′ be the quadratic twist of A with respect to the quadratic extension kN/k+N . Applying
Theorem 1.2 to A′/k+N , we also have
A′(k+N)tor ↪→ (Z/w(kN)Z)d ⊕ (Z/2Z)d .
Let X and Y be the kernel and the cokernel of the natural map
A(k+N)tor ⊕ A′(k+N)tor → A(kN)tor ,
respectively. Then one can easily see that both |X| and |Y | are divisor of 22d . It follows
that
w(kN)
d
|A(k+N)tor|
× w(kN)
d
|A′(k+N)tor|
= w(kN)
2d
|A(kN)tor| ×
|X|
|Y | =
22d |X|
|GN ||Y | .(9)
Note that this value is a power of 2, hence it is prime to N . Moreover, since both
w(kN)
d/|A(k+N)tor| and w(kN)d/|A′(k+N)tor| are integers by Theorem 1.4, (9) implies that
these two integers are powers of 2. Therefore
A(k+N)tor ∼= (Z/NZ)d ⊕ HN
for some subgroup HN of (Z/2Z)2d . This proves the second statement. 
8. Torsion points over smaller fields
If M is a subfield of K , we denote by kM the smallest extension of k over which θ(a)
is defined for any a ∈ M . We proved in Theorem 1.4 that for any odd prime  the following
inequality
dimFA(kM)[] ≤ [M : Q](10)
holds for M = K and F . However we can not expect this bound to hold unconditionally
as the following example shows.
EXAMPLE 8.1. Let  be a prime number and consider the algebraic curve
B : y = x(x − 1)
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defined over Q. The genus of B is ( − 1)/2 = ϕ(2)/2. The jacobian variety A of
B, which is an example of abelian variety of Fermat type ([19]), is known to be abso-
lutely simple (see [2] for example). Let ζ be a primitive 2-th root of unity. Then the
map (x, y) → (ζ x, ζy) defines an automorphism of B, and consequently induces an
endomorphism θ(ζ ) ∈ End(A). Thus we obtain an injective homomorphism
θ : Z[ζ ] → End(A) .
Note that [Q(ζ ) : Q] = 2 dimA. Therefore A is a CM abelian variety. Clearly B(Q)
contains two points (0, 0), (1, 0) and the divisor classes of (0, 0)−(∞,∞), (1, 0)−(∞,∞)
define independent points in A(Q) of order . Hence dimFA(Q)[] ≥ 2 and the bound (1)
does not hold for A already in the case of M = Q.
We now consider following two conditions:
(i) (A,K) is principal in the sense of Shimura [17], that is,
OK = θ−1(θ(K) ∩ End(A)) .
(ii) θ(K) is Gal(k/k)-stable in End(A) ⊗ Q.
Then there is a homomorphism
π : Gal(k/k) → Aut(K)
such that
θ(α)σ = θ(απ(α))(11)
for all σ ∈ Gal(k/k), α ∈ K . Let K0 = K Im(π) be the fixed field of Im(π). Then K/K0
is a Galois extension. For any field M such that K0 ⊆ M ⊆ K , we define kM to be the
subfield of k corresponding to Ker(π). Thus we have an isomorphism
Gal(kK/kM)
∼→ Gal(K/M)
induced from π . This means that kM is the smallest extension of k over which every element
of θ(M) is defined.
THEOREM 8.2. Let  be a prime number. For each prime ideal L in K lying above
, let αL be the wild ramification index of L in K/M . Then
dimFA(kM)[] ≤ [M : Q]max{αL | L λ} .
In particular, if K/M is at most tamely ramified at any prime ideal lying above , then
dimFA(kM)[] ≤ [M : Q] .
The proof is divided into several steps. If λ is a prime ideal dividing  in a finite
extension field of Q, we denote by Fλ the residue field of λ. Thus Fλ may be regarded as a
finite extension of F.
PROPOSITION 8.3. Let M be an intermediate field of K/K0. Then
dimFA(kM)[] ≤ [M : Q] · max{dimFλA(kM)[λ] | λ|l} ,
where the maximum is taken over the prime ideals λ of M lying above .
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Proof. Let
() =
∏
λ|
λeλ
be the prime ideal decomposition of () in M . Then we have
A[] =
⊕
λ|
A[λeλ] .
Note that dimFλA(kM)[λeλ] ≤ eλdimA(kM)[λ]. Let [Fλ : F] = fλ. Then
dimFA(kM)[] =
∑
λ|
dimFA(kM)[λeλ ]
=
∑
λ|
fλdimFλA(kM)[λeλ ]
≤
∑
λ|
fλeλdimFλA(kM)[λ]
≤
∑
λ|
fλeλ · max{dimFλA(kM)[λ] | λ|}
= [M : Q] · max{dimFλA(kM)[λ] | λ|} .
This completes the proof. 
PROPOSITION 8.4. Let M1 be an intermediate field of K/M . Let λ be a prime ideal
of M which decomposes completely in M1, and λ1 a prime ideal of M1 lying above λ. Then
dimFλA(kM)[λ] = dimFλ1 A(kM1)[λ1] .
Proof. First of all we note that Fλ1 = Fλ since λ decomposes completely in M1/M .
Let T be a complete set of representation of the cosets Gal(K/M)/Gal(K/M1). Then the
ideal decomposition
λ =
∏
τ∈T
λτ1
induces isomorphism
ϕ : A[λ] =
⊕
τ∈T
A[λτ1] .
This is a Galois module isomorphism if we define the action of Gal(k/kM) on the right
hand side as follows: For any x ∈ ⊕τ∈T A[λτ1] we denote by xτ the τ -component of x.
Thus xτ ∈ A[λτ1]. We define xσ to be the element of
⊕
τ∈T A[λτ1] whose τ -component is
xσ
τπ(σ )
. Therefore xσ = x if and only if
xστπ(σ ) = xτ (∀τ ∈ T ) .
This implies that
A(kM)[λ] ∼= A(kM1)[λ1] .
The proposition then follows. 
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PROPOSITION 8.5. Let M2 be an intermediate field of K/M1 such that λ1 inerts in
M2. Then
dimFλ1 A(kM1)[λ1] ≤ dimFλ2 A(kM2)[λ2] .
Proof. Let r = dimFλ1 A(kM1)[λ1] and choose a Fλ1 -basis P1, . . . , Pr of A(kM1)[λ1].
It then suffices to show that P1, . . . , Pr are Fλ2 -linearly independent in A(kM2)[λ2]. Sup-
pose we have a linear relation
α1P1 + · · · + αrPr = 0(12)
for some α1, . . . , αr ∈ OM2 . Multiplying the both sides of (12) by β ∈ OM2 and taking the
trace from M2 to M1, we obtain
r∑
i=1
TrM2/M1(βαi)Pi = 0 .
Since TrM2/M1(βαi) ∈ OM1 and P1, . . . , Pr are Fλ1-linearly independent, we have
TrM2/M1(βαi) ≡ 0 (mod λ1) (i = 1, . . . , r) .(13)
Let dM2/M1 denote the differente of M2/M1. Then (13) implies that
αi ∈ λ2dM2/M1 (i = 1, . . . , r) .
Since M2/M1 is unramified at λ1, this shows that
αi ≡ 0 (mod λ2)
for all i = 1, . . . , r . Therefore P1, . . . , Pr are Fλ2-linearly independent. 
PROPOSITION 8.6. Let M be an intermediate field of K/K0. Assume that λ ramifies
completely in K . Then
dimFA(kM)[λ] ≤ [K : M] ,
where [K : M]l denotes the -part of [K : M]. In particular, if K/M is tamely ramified at
λ, then dimFA(kM)[λ] ≤ 1.
Proof. Let L be the prime ideal of K lying above λ. Let n = [K : M]. Then
λ = L n in K . Hence
A[λ] = A[L n] ∼= OK/L n .
Let ω ∈ OK be an element such that ordL (ω) = 1. Then {1, ω, ω2, . . . , ωn−1} is a Fλ-
basis of OK/L n. With respect to this basis, θ(ω) is represented by the matrix 
N =
⎛
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎝
0 1 0 · · · 0
...
. . .
. . .
. . .
...
...
. . .
. . . 0
...
. . . 1
0 · · · · · · · · · 0
⎞
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎠
∈ Mn(F) .(14)
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Let σ ∈ Gal(k/kM) and let P(σ) be the matrix representation of ρl(σ ) acting on Aλ with
respect to the basis {1, ω, ω2, . . . , ωn−1}. Since K/M is totally ramified at λ, we have
ωπ(σ) ≡ ε(σ )ω (mod ω2)
for some ε(σ ) ∈ F×λ . Then from (11) we deduce that
NP = ε(σ )P (σ)N .
Let A(σ) be the diagonal matrix in Mn(Fλ) defined by
A(σ) =
⎛
⎜
⎜
⎜
⎜
⎜
⎝
1 0 · · · 0
0 ε(σ )
. . .
...
...
. . .
. . .
...
0 · · · 0 ε(σ )n−1
⎞
⎟
⎟
⎟
⎟
⎟
⎠
∈ Mn(Fλ) .
We claim that
P(σ) = A(σ)(a0(σ )I + a1(σ )N + · · · + an−1(σ )Nn−1)(15)
for some a0(σ ), a1(σ ), . . . , an−1(σ ) ∈ Fλ, where I denotes the unit matrix of size n. To
see this put Q(σ) = A(σ)−1P(σ). Then
NQ(σ) = Q(σ)N .(16)
Indeed,
NQ(σ) = NA(σ)−1P(σ)
= (NA(σ)−1)P (σ)
= (ε(σ )−1A−1N)P(σ)
= ε(σ )−1A−1(NP(σ))
= ε(σ )−1A−1(ε(σ )P (σ)N)
= A(σ)−1P(σ)N
= Q(σ)N .
Now, we need the following lemma which is an easy exercise in linear algebra.
LEMMA 8.7. Let F be a field containing F and N the matrix of size n defined in
(14). Then a matrix X ∈ Mn(F) commutes with N if and only if X is of the form
X = a0I + a1N + · · · + an−1Nn−1
for some a0, . . . , an−1 ∈ F.
Proof of Proposition 8.6. By this lemma and (16) we have
Q(σ) = a0I + a1N + · · · + an−1Nn−1
for some a0, . . . , an−1 ∈ Fλ. Hence
P(σ) = A(σ)(a0I + a1N + · · · + an−1Nn−1) .
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This proves (15).
Let us return to the proof of the proposition. By (15) we have
corank(P (σ) − I) ≤ #{i | 1 ≤ i ≤ n, a0(σ )ε(σ )i = 1} .
Let L/M the maximal extension of M such that λ is tamely ramified in L/M . Then L/M
is a cyclic extension and ε defines an injection
ε : Gal(L/M) ↪→ F×λ .
If we choose σ to be such that σ |L is a generator of Gal(L/M), then ε(σ ) is a primitive
[L : M]-th root of unity in F×λ . It follows that
#{i | 1 ≤ i ≤ [L : M], a0(σ )ε(σ )i = 1} ≤ 1 .
Therefore
#{i | 1 ≤ i ≤ n, a0(σ )ε(σ )i = 1} ≤ [K : L] = [K : M]l .
Consequently
dimFλA(kM)[λ] ≤ corank(P (σ) − I) ≤ [K : M]l .
This completes the proof of Proposition 8.6. 
If w(K) is square-free, then K/Q is at most tamely ramified at every prime dividing
w(K). Thus, applying Theorem 8.2 to absolutely simple CM abelian varieties defined over
Q, we obtain the following
COROLLARY 8.8. Let A be an absolutely simple CM abelian variety defined over
Q such that K = End(A) ⊗ Q is an abelian CM field. Moreover, assume that End(A) is
isomorphic to the integer ring of K . If w(K) is square-free, then A(Q)tor is isomorphic to
a subgroup of Z/w(K)Z.
EXAMPLE 8.9. Let p, q be distinct prime numbers with p > q and consider the
Catalan curve
Cp,q : yq = xp + 1
defined over Q. The curve C3,2 is nothing but the elliptic curve E2 in Example 9.6. The
genus of Cp,q is equal to (p−1)(q−1)2 = ϕ(pq)2 . Let A be the jacobian variety of Cp,q .
Applying Corollary 8.8 to A, one can show that
A(Q)tor ∼= Z/pqZ .
To see this, let ζ (resp. η) be a primitive p-th (resp. q-th) root of unity. Then the
map (x, y) → (ζ x, ηy) defines an automorphism of Cp,q , and it induces an endomor-
phism θ(ζη) ∈ End(A). Thus we obtain an isomorphism θ : K → End(A), where
K = Q(ζη) is the pq-th cyclotomic field. Note that w(K) is square-free. Since [K :
Q] = 2 dimA = ϕ(pq), this shows that A is a CM abelian variety. Clearly θ(K) is rational
over K . Moreover it is known that A is absolutely simple (see for example [4]). Note that
w(K) = 2p if q = 2 and w(K) = 2pq otherwise. Therefore the above theorems show that
A(Q)tor ⊂ Z/2pZ if p = 2, and A(Q)tor ⊂ Z/2pqZ if p = 2. But the order of the divisor
Torsion Points on CM Abelian Varieties 227
classes of divisors (0, 1)− (∞,∞) and (−1, 0)− (∞,∞) define points of order p and q in
A(Q) respectively. Therefore the divisor class of (0, 1) − (−1, 0) is a point of order pq in
A(Q). If q = 2, then the result of Koblitz and Rohrlich [5] shows that A(Q)tor ∼= Z/2pZ.
If q = 2, then Theorem 1.7 shows that A(Q)tor ∼= Z/pqZ or Z2pqZ. But, when q > 2,
by a similar argument as in [5] one can show that A(Q) does not contain a torsion point of
order 2. Therefore A(Q)tor ∼= Z/pqZ.
9. Application to CM elliptic curves
In the case of CM elliptic curves many results have been obtained by various authors.
The next theorem follows from Theorem 1.1. (See also Prasad-Yogananda [12] for an
elementary proof.)
THEOREM 9.1 (Silverberg). Let E be an elliptic curve defined over a number field
k with complex multiplication by an order O of an imaginary quadratic field K . If E(k)
contains a point of order N , then
ϕ(N) ≤
{
μ[k : Q] , if k ⊃ K ,
1
2μ[k : Q] , if k ⊃ K ,
where μ denotes the number of roots of unity in O .
Parish [11] generalized Olson’s theorem (Theorem 1.2) to the case where E is defined
over K(jE), where jE is the j -invariant of E (see also Kwon [6]).
THEOREM 9.2 (Parish). Let E be an elliptic curve with complex multiplication by
an imaginary quadratic field K , and suppose that E is defined over K(jE). If E(K(jE))
contains a point of order N , then N ∈ {1, 2, 3, 4, 6}.
Olson’s theorem was also extended by Clark [3] to the case of CM elliptic curves over
quadratic or cubic fields.
THEOREM 9.3 (Clark). Let E be a CM elliptic curve defined over a number field k
of degree 2 or 3.
(i) If [k : Q] = 2, then
E(k)tor ∼=
⎧
⎪⎨
⎪⎩
Z/NZ (N ∈ {1, 2, 3, 4, 6, 7, 10}) ,
Z/2NZ × Z/2Z (N ∈ {1, 2, 3, 4}) , or
Z/3Z × Z/3Z .
(ii) If [k : Q] = 3, then
E(k)tor ∼=
{
Z/NZ (N ∈ {1, 2, 3, 4, 6, 9, 14}) , or
Z/2Z × Z/2Z .
From Theorem 1.4 we obtain the following
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THEOREM 9.4. Let E be a CM elliptic curve defined over k, and put K = End(E)⊗
Q. Suppose that k does not contain K . Let m = m(kK/k) and n = w(kK). Then the
following assertions hold:
(i) The order of E(kK)tor is a divisor of m2, and E(kK)tor is isomorphic to a sub-
group of Z/nZ ⊕ Z/nZ.
(ii) The order of E(k) is a divisor of m. Moreover, the following assertions hold:
(a) If |E(k)[2]| = 4, then E(k)tor ∼= Z/NZ ⊕ Z/2Z for some even divisor N
of n.
(b) If |E(k)[2]| ≤ 2, then E(k)tor ∼= Z/NZ for some divisor N of n.
COROLLARY 9.5. Notation and the assumption being as above, suppose that E(kK)
contains a point of order N . Then ϕ(N) is a divisor of 2[k : Q].
The following example shows that the bounds given in Theorem 9.4 are fairly close to
the best possible one.
EXAMPLE 9.6. First, consider the CM elliptic curve
E1 : y2 = x3 − x
defined over k = Q(√2). Then K = Q(√−1) and kK = kK = Q(ζ8) so that w(kK) = 8.
Clearly all the 2-torsion points of E are Q-rational. Indeed, the points (0, 0), (1, 0) on E
generate E[2]. Moreover a direct calculation one can easily check that
E1[4] = 〈(i, 1 − i), (1 +
√
2, 2 + √2)〉 .
Using Theorem 9.4 we can prove that E1(kK)[8] = E1(kK)[4] without doing an explicit
calculation any more. Indeed, since E1 is defined over k′ = Q(
√−2) which does not
contain K . Note that k′K = kK and m(k′K/k′) = 4, hence Theorem 9.4 shows that
|E1(kK)tor| is a divisor of 42 = |E1[4]|. Therefore E1(kK)tor must coincide with E1[4].
Consequently we obtain the following isomorphisms.
E1(k)tor ∼= Z/4Z ⊕ Z/2Z ,
E1(kK)tor ∼= Z/4Z ⊕ Z/4Z .
Next, consider the elliptic curve
E2 : y2 = x3 + 1
defined over k = Q( 3√2). Then K = Q(√−3) and kK = kK = Q(
√−3, 3√2) so that
w(kK) = 6. In this case we have
E2(k)tor = 〈(2, 3)〉 ∼= Z/6Z ,
E2(kK)tor = 〈(2, 3), (− 3
√
4,
√−3)〉 ∼= Z/6Z ⊕ Z/6Z .
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